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 a b s t r a c t

We identify a new cosmological coincidence that parallels the well-known matter/dark-energy coincidence: the 
present-epoch transition of the universe from a weakly coupled (collisionless) to a strongly coupled (collisional) 
gravitational regime. Within a cosmological model containing equal amounts of positive and negative Bondi 
masses – consistent with the weak equivalence principle and momentum conservation – we show that this cou-
pling transition naturally coincides with the shift from a coasting to an accelerating expansion. A linear response 
analysis of the corresponding Vlasov-Poisson system reveals that mixed positive-negative mass configurations are 
always unstable, with growth rates that increase at shorter wavelengths, thereby driving the system toward strong 
coupling. Using long-time, exact one-dimensional N-body simulations, we demonstrate that this model universe 
undergoes three successive expansion phases: an initial ballistic regime, an intermediate random-walk accelera-
tion driven by sporadic Bondi encounters, and finally a uniformly accelerating phase triggered by the formation 
of stable positive/negative mass pairs. The onset of this last phase occurs precisely when the coupling parameter 
crosses unity, linking the two cosmological coincidences through a single dynamical mechanism. These results 
suggest that cosmic acceleration may arise from the nonlinear dynamics of a gravitationally neutral mixed-mass 
universe, without invoking dark energy or a cosmological constant.

1.  Introduction

Over the past two decades, the Standard Cosmological Model 
(ΛCDM) has evolved into a robust framework that accurately accounts 
for a wide spectrum of cosmological phenomena [1]. It provides consis-
tent explanations for primordial nucleosynthesis, the cosmic microwave 
background (CMB) radiation, baryonic acoustic oscillations (BAOs), and 
the luminosity distances of type-1a supernovae (SN1a). Although the 
reliability of individual datasets varies, their collective interpretation 
strongly indicates that the universe contains far more than just conven-
tional (baryonic) matter. In recent years, however, notable discrepancies 
have arisen between measurements of the Hubble constant 𝐻0 derived 
from early-universe observations and those obtained from the local uni-
verse [2]. These differences, reaching a statistical significance of nearly 
5𝜎, are difficult to attribute solely to systematic uncertainties, though it 
remains uncertain whether they herald the emergence of new physics. 
Moreover, the latest results from the Dark Energy Survey appear to indi-
cate a potential decline in the effective dark-energy contribution, which, 
if confirmed, would point toward physics that cannot be captured by a 
pure cosmological constant [3–5].

Despite its impressive descriptive power, the ΛCDM model is not a 
complete theory. According to its predictions, baryonic matter – the fa-
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miliar particles governed by the Standard Model of particle physics and 
routinely observed in laboratory experiments – makes up less than 5% 
of the universe’s total mass-energy budget. The remainder consists of 
cold dark matter (CDM, approximately 25%) and dark energy, repre-
sented by a cosmological constant Λ (roughly 70%). This situation has 
spurred extensive research efforts, both experimental (aimed at detect-
ing dark matter) and theoretical (exploring alternative scenarios that 
might eliminate the need for dark matter, dark energy, or both).

One of the conceptual challenges within the framework of the ΛCDM
model is the so-called “coincidence problem” [6], which arises from the 
observation that the energy densities of matter and dark energy are of 
the same order of magnitude in the current epoch, despite their vastly 
different evolutionary histories. This implies that the universe shifts 
from a matter-dominated decelerating expansion to a Λ-dominated ac-
celerating expansion precisely around the present epoch. In standard 
cosmology, the energy density of matter scales as 𝑎−3, where 𝑎(𝑡) is the 
scale factor of the expanding universe, while the energy density asso-
ciated with the cosmological constant Λ remains constant over time. 
Given these distinct scaling behaviors, the fact that their contributions 
to the total energy budget coincide precisely at the present epoch ap-
pears as an unlikely coincidence. This apparent fine-tuning raises ques-
tions about the underlying physical mechanisms that could account for 
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such a temporal alignment, and has motivated various theoretical pro-
posals, including dynamical dark energy models and anthropic reason-
ing within the context of a multiverse [6–8]. However, none of these 
approaches has yet provided a universally accepted resolution to the 
problem.

Some authors have questioned the empirical basis for the claimed 
acceleration of the universe’s expansion, suggesting instead that obser-
vational data may be consistent with a “coasting” cosmological model, 
in which the expansion rate remains constant over time, exhibiting nei-
ther acceleration nor deceleration. This scenario closely resembles the 
model originally proposed by E. A. Milne [9]. Notably, Sarkar and col-
laborators have argued that current Type Ia supernova (SN1a) data do 
not provide conclusive evidence for cosmic acceleration [10,11], while 
Blanchard et al. [12] have shown that acceleration inferred from “local” 
cosmological probes, specifically those within the redshift range 𝑧 < 3, 
lacks robust statistical significance. A comprehensive review of coasting 
cosmologies has been recently presented by Casado [13].

A coasting cosmology can be constructed either by positing some ad-
hoc equation of state [14], or by assuming that the total energy-matter 
content of the universe is zero, as in the Milne cosmology [9]. The latter 
case may be achieved if the universe contains equal amounts of positive 
and negative mass. The existence of particles with negative mass has 
been a subject of theoretical speculation for decades, beginning with 
the seminal work of Hermann Bondi [15]. Although often dismissed as 
unphysical, negative mass is not inherently incompatible with founda-
tional principles such as the equivalence principle, conservation laws, or 
Newton’s third law of motion [16–18]. Nonetheless, it introduces highly 
non-intuitive dynamics, such as the runaway acceleration of pairs of pos-
itive and negative masses [19], and peculiar gravitational behavior such 
as levitation and polarization in bound systems [16,18].

The concept of negative mass has been explored in various theoreti-
cal frameworks as a means to address outstanding problems in cosmol-
ogy. Models incorporating negative mass components have been pro-
posed to explain phenomena such as cosmic acceleration, dark energy, 
and the large-scale structure of the universe [20,21]. In particular, neg-
ative mass theories offer alternative mechanisms for repulsive gravita-
tional effects without invoking a cosmological constant [21]. In the same 
vein, the so-called “Dirac-Milne” universe is an alternative cosmologi-
cal model that postulates a symmetric distribution of matter and anti-
matter, with antimatter possessing negative active gravitational mass 
[22,23]. Cosmological structure formation within this model was inves-
tigated recently, with intriguing results [24,25]. However, recent mea-
surements appear to rule out the hypothesis of repulsive gravity for 
antimatter [26], although they cannot exclude a possible asymmetry 
between the gravitational responses of matter and antimatter (see, for 
instance, Menary[27,28]).

In the present work, we first introduce a new cosmological coinci-
dence: a transition in the dynamical properties of the expanding uni-
verse that appears to occur precisely around the present epoch, like the 
usual cosmological coincidence. This new coincidence involves the uni-
verse transitioning from a weakly coupled (collisionless) to a strongly 
coupled (collisional) gravitational regime. We then explore the possi-
bility of a cosmological model in which the universe contains equal 
amounts of positive and negative mass, the latter understood in the sense 
proposed by Bondi [15], which is compatible with the weak equivalence 
principle and General Relativity (GR). In this framework, Bondi-type 
negative masses possess negative inertial as well as negative active and 
passive gravitational mass. Within such a “Bondi universe,” we demon-
strate that the transition in the gravitational coupling coincides with the 
shift from a coasting to an accelerating expansion. This provides a uni-
fied reinterpretation of both coincidences as manifestations of the same 
underlying physical mechanism.

Numerical simulations of an exact one-dimensional (1D) model of 
Newtonian gravity, incorporating both positive and negative masses, 
support these results and reveal distinct expansion phases consistent 
with the proposed Bondi scenario. We emphasize that our simulation 

model is entirely Newtonian, hence it assumes an absolute (fixed) space-
time background. This is different from the standard approach used 
in most cosmological simulations, which posit an expansion law is-
sued from GR (Friedmann equations for the universe scale factor) and 
then study Newtonian dynamics on that expanding spacetime. Here, we 
adopt a different viewpoint: we show how the scale factor 𝑎(𝑡) can be 
deduced by observing the expansion of a self-gravitating cloud, and then 
use this extracted scale factor to define comoving coordinates.

Although 1D gravity is, by construction, an idealized system, it has 
long been recognized as a valuable tool for probing the fundamental 
behaviour of self-gravitating systems, starting from the pioneering com-
puter experiments of Hohl and Feix[29]. Many later works have used 1D 
simulations to explore gravitational dynamics and cosmological struc-
ture formation in different contexts [30–41]. A comprehensive review 
of 1D gravity has been recently published by the present authors [42]. 
However, one should remain aware of the substantial differences be-
tween 1D and 3D gravity, in particular because in 1D all particles move 
on the same line and can thus collide easily, unlike in 3D. Further, 
the mechanism by which Bondi pairs of positive/negative mass form 
and subsequently undergo runaway acceleration could be altered in 3D, 
where the Newtonian force weakens with the inverse square distance, 
instead of being uniform as in 1D. Finally, a strictly 1D framework sup-
presses angular momentum, thereby omitting an essential ingredient 
of realistic gravitational dynamics. All things considered, although the 
runaway process of positive/negative mass pairs is likely to persist in 
3D, the actual motion of the pairs may become far richer, potentially 
displaying more intricate orbital patterns and heightened sensitivity to 
perturbations.

This work is organized as follows. In Section 2 we spell out the fea-
tures of the coincidence involving the transition from a collisionless to 
a collisional universe, and show that such transition occurs around the 
present epoch. Section 3 reviews the concept of negative mass in New-
tonian gravity, particularly the negative mass concept put forward by 
Bondi [15]. In Section 4, we compute the linear response of a system 
containing equal amounts of positive and negative masses, in the weakly 
coupled regime described by a set of Vlasov-Poisson equations. We show 
that this system is always linearly unstable, irrespective of the tempera-
tures and masses of the two species, and that the growth rate of the un-
stable modes is inversely proportional to the square root of their wave-
length. Section 5 contains numerical simulations of an N-body model 
with positive and negative Bondi masses. In particular, we show that 
the system undergoes both transitions — from weakly to strongly cou-
pled and from coasting to accelerating — around the same epoch and 
because of the same mechanism. Finally, in Section 6, we discuss the 
obtained results and how they may impact our understanding of the 
universe expansion.

2.  Coincidence

Let us consider a gas of particles (“galaxies”) of mass 𝑚𝑔 , interacting 
through Newton’s gravitational force. In analogy with a charged particle 
gas (plasma) [43–45], the coupling parameter Γ for such a system may 
be written as the ratio of the typical gravitational potential energy to 
the typical kinetic energy:

Γ =
𝐸grav

𝐸kin
=

𝑚2
𝑔 𝐺𝑑−1

𝑘𝐵𝑇
, (1)

where 𝐺 is Newton’s constant, 𝑑 is the mean distance between galaxies, 
𝑘𝐵 is Boltzmann’s constant, and 𝑇  is the temperature of the gas. When 
the coupling parameter is small, Γ ≪ 1, the gravitational gas is weakly 
coupled, and the mean gravitational field dominates over two-body cor-
relations (i.e., collisions). In contrast, when Γ ≳ 1, the system is strongly 
coupled and collisions dominate over the mean field.

As in an ordinary gas, the temperature is related to the velocity dis-
persion around the mean velocity of the gas, so that we write: 𝑘𝐵𝑇 =
𝑚𝑔𝑣2𝑝, where 𝑣𝑝 is the root-mean-square velocity. In a cosmological
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scenario, the mean velocity is given by the Hubble flow, while the ve-
locity dispersion is related to the so-called peculiar velocities 𝑣𝑝. Hence, 
we can rewrite Eq. (1) as

Γ0 =
𝑚𝑔𝐺

𝑑0𝑣2𝑝0
, (2)

where we have introduced the subscript “0” to denote quantities calcu-
lated at the present epoch. We consider typical values for the universe at 
the current epoch: intergalactic distance 𝑑 = 1022 m ≈ 106 ly [46], typi-
cal mass of a galaxy 𝑚𝑔 = 3 × 1042 kg ≈ 1.5 × 1012 M⊙ (estimated mass of 
the Milky Way [47]), and peculiar velocity 𝑣𝑝0 = 200 km∕s [48,49]. Us-
ing these values, we find Γ0 ≈ 0.5, which is remarkably close to unity. 
Naturally, this estimate should be interpreted with caution, given the 
inherent uncertainties in the astrophysical data. Nevertheless, the re-
sult suggests that our current universe lies near the threshold between 
a weakly coupled and a strongly coupled gravitational system.

In order to estimate the evolution in time of the coupling parameter 
Γ(𝑡), one needs an evolution law for 𝑇 (𝑡), i.e., a gravitational equation 
of state. We take the simplest case, an adiabatic relation of the type

𝑇
𝑇0

=
(

𝜌
𝜌0

)𝛾−1
,

where 𝜌 is the mass density and 𝛾 = 5∕3 is the nonrelativistic adiabatic 
exponent. In addition, the intergalactic distance goes as: 𝑑(𝑡) = 𝑑0 𝑎(𝑡), 
where 𝑎(𝑡) is the universe scale factor. As 𝜌 ∼ 𝑎−3, we obtain that the 
temperature decays as the inverse of the squared scale factor: 𝑇 (𝑡) =
𝑇0 𝑎(𝑡)−2. For the coupling parameter, one gets Γ(𝑡) = Γ0 𝑎(𝑡), suggesting 
that the universe was weakly coupled before our epoch and is currently 
transitioning to a strongly coupled regime. Note that such temperature 
dependence implies 𝑣𝑝 ∼ 𝑎−1, in accordance with the nonrelativistic ex-
pression [50], i.e., peculiar velocities of nonrelativistic objects suffer 
redshifting by exactly the same factor as photon momenta.

From the preceding results, it appears that there are actually two cos-
mological transitions that occur around the present epoch: (i) the usual 
transition from a decelerating (or coasting) expansion to an accelerat-
ing one, and (ii) the transition from a (gravitationally) weakly coupled 
regime to a strongly coupled regime. In order to explain this “double co-
incidence problem”, we will postulate a universe that contains an equal 
amount of positive and negative masses, in the Bondi sense [15]. Nu-
merical simulations of this model reveal that the two transitions occur 
at the same time and are due to the same underlying mechanism.

The fact that, around the present epoch, the kinetic and gravitational 
potential energies are of the same order of magnitude is reminiscent 
of the well-known virial theorem in stellar dynamics (see Appendix A). 
The virial theorem states that, at equilibrium, the following relationship 
should hold: 2𝐾 + 𝑈 = 0, where 𝐾 and 𝑈 are, respectively, the kinetic 
and potential energies per unit mass. This may appear similar to our 
above observation that 𝐸grav ≈ 𝐸kin at the current epoch of the universe 
expansion.

However, there are two important differences. First, the quantities 
involved are not the same. In the virial theorem formulation, 𝑈 and 𝐾
refer to the total energies of a closed self-gravitating system, such as a 
galaxy or a cluster of galaxies. In contrast, in the derivation of Eqs. (1) 
and (2), 𝐸grav and 𝐸kin represent local energies in a region of space that 
rides on the expanding background; in particular, 𝐸kin is the peculiar ki-
netic energy (residual kinetic energy after subtracting the Hubble flow) 
and not the total kinetic energy. Second, the virial theorem holds for 
a confined self-gravitating system at steady state, but not for the whole 
universe, which is not stationary because of the cosmological expansion. 
An extension of the virial theorem taking into account the expansion is 
provided by the Layzer-Irvine equation [51,52]. But the latter is derived 
using comoving co-ordinates and assumes an expanding universe, while 
our analysis (see Section 5) is performed in fixed co-ordinates without 
a priori assuming any expansion.

3.  Negative mass

The possible existence of matter endowed with negative mass is a 
long-standing question that has received many, often contradictory, an-
swers [16,18,19,23,53,54]. Very recent work conjectures that negative 
mass objects may exist in the universe and be detected within current 
astronomical observations, such as supernova explosions [55] or the 
gravitational wave signals emitted from positive/negative mass binaries 
[56]. Here, we will adopt the viewpoint first put forward by Hermann 
Bondi [15], which remains, at least in principle, compatible with GR. 
Further, we consider a negative-mass component that couples to ordi-
nary matter solely through gravity, following an approach similar to that 
of Farnes [21]. Such a construction represents a minimal extension of 
standard gravity: it leaves the well-tested physics of the early universe, 
including primordial nucleosynthesis, mostly unaffected, while modify-
ing only the subsequent, gravity-dominated stages of cosmic evolution 
(after recombination), which are those relevant to the present work. 
Moreover, because its interactions are restricted to the gravitational sec-
tor, the negative-mass component should not interfere with the Standard 
Model of particle physics. In particular, our model is purely classical and 
therefore leaves aside the production of pairs of positive and negative 
mass particles that may occur in a quantum field theory of gravity. In 
today’s absence of such a theory, it is not unreasonable to assume that 
pair formation does not occur. We also emphasize that, in our approach, 
negative mass is not associated with antimatter, in contrast to the Dirac-
Milne model [22,24,25].

Our framework remains close in spirit to the ΛCDMscenario, where 
the accelerated expansion is due to a dark energy component with pos-
itive energy density and negative pressure. Similarly, in our case, the 
accelerating expansion is driven by a negative-mass component whose 
repulsive gravitational effect leads to runaway acceleration. In both pic-
tures, the dark-energy or negative-mass sectors couple to ordinary mat-
ter exclusively through gravity. However, our results suggest that cosmic 
acceleration may emerge as an intrinsic nonlinear phenomenon rather 
than from a external dark component, as is the case in the ΛCDMmodel.

In a Newtonian framework, we may distinguish three types of mass: 
the active gravitational mass 𝑚𝑎, the passive gravitational mass 𝑚𝑝, and 
the inertial mass 𝑚𝑖 [24]. The active gravitational mass appears on the 
right-hand side of Poisson’s equation, which governs the gravitational 
potential 𝜙:
Δ𝜙 = 4𝜋𝐺𝜌 = 4𝜋𝐺𝑚𝑎𝑛, (3)

where 𝑛 denotes the number density and 𝜌 the mass density. The pas-
sive gravitational mass determines the response of a body to a gravi-
tational field, as expressed by the relation 𝑭 = −𝑚𝑝∇𝜙, where 𝑭  is the 
force. Finally, the inertial mass characterizes the relationship between 
momentum and velocity, given by 𝒑 = 𝑚𝑖𝒓̇, where the dot represents dif-
ferentiation with respect to time. Consequently, Newton’s second law, 
𝒑̇ = 𝑭 , yields the equation of motion: 𝒓̈ = −(𝑚𝑝∕𝑚𝑖)∇𝜙.

The equivalence principle (EP) asserts the identity of inertial and 
passive gravitational masses, 𝑚𝑖 = 𝑚𝑝, thereby rendering a gravitational 
field locally indistinguishable from an acceleration. However, the EP 
imposes no constraint on the active gravitational mass, which may, in 
principle, differ from the other two. In contrast, Newton’s third law — 
the principle of action and reaction — requires equality between the 
active and passive gravitational masses, 𝑚𝑎 = 𝑚𝑝, to ensure that the net 
force on an isolated system of interacting particles vanishes, thereby 
preserving momentum conservation. Combining these two fundamental 
principles leads to the conclusion that all three masses must be equal: 
𝑚𝑎 = 𝑚𝑝 = 𝑚𝑖 [57]. However, this relationship is respected not only for 
the usual case where all masses are positive, but also for the unconven-
tional scenario where they are all negative. Such configuration corre-
sponds to the so-called Bondi masses [15], and can be summarized as 
follows: positive masses attract all other masses, while negative masses 
repel all others. As shown by Bondi, this scenario is compatible with GR, 
as both positive and negative masses follow the same geodesics.
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This framework, as noted by several authors [16,18,19], gives rise to 
surprising dynamical phenomena, such as the runaway acceleration of 
a positive/negative mass pair. Indeed, if a positive and a negative mass 
are initially at rest and placed in proximity, the positive mass attracts 
the negative one, while the negative mass repels the positive. The result 
is a self-sustaining uniform acceleration of both masses, while the total 
momentum of the system remains conserved (i.e., zero).

For our present purposes, the existence of the runaway effect is a 
crucial feature, because it can naturally lead from a coasting expan-
sion (𝑎 ∼ 𝑡) to a uniformly accelerating expansion (𝑎 ∼ 𝑡2). As the run-
away acceleration is a two-body effect, and not a mean-field effect, it 
is also natural that the acceleration becomes relevant only when the 
self-gravitating system goes from a weakly coupled to a strongly cou-
pled regime. The precise mechanism will be detailed in the following 
sections.

Such accelerating mechanism is reminiscent of the backreaction ef-
fect, which has been proposed as a possible alternative to dark energy 
in a cosmological setting [58–60]. Backreaction refers to the idea that 
small-scale inhomogeneities – such as galaxies, clusters, and voids – 
can influence the large-scale dynamics of the universe. While standard 
cosmological models treat the universe as homogeneous and isotropic 
on large scales, backreaction explores how the nonlinear evolution of 
these structures might affect cosmic expansion, challenging the assump-
tion that averaging over local variations yields the same behavior as a 
perfectly uniform universe. Intriguingly, cosmological backreaction also 
stems from a coincidence: the universe’s accelerated expansion begins 
at the very epoch when large-scale gravitational structures have fully 
formed. This temporal alignment suggests a possible link between the 
nonlinear growth of cosmic inhomogeneities and the onset of accelera-
tion.

However, the principal idea put forward in the present work is fun-
damentally different. Indeed, structure formation, and hence inhomo-
geneities, can well arise in a weakly coupled (collisionless) model of the 
expanding universe—there is no need for two-body correlations to play a 
significant role. For instance, in an earlier work [61], the present authors 
explored the formation and evolution of gravitational structures using a 
purely mean-field model (Vlasov-Poisson equations). Here, in contrast, 
we investigate a scenario where the acceleration is due to the universe 
transitioning from a weakly coupled to a strongly coupled regime, where 
two-body correlations lead to the Bondi runaway acceleration effect, and 
ultimately to a globally accelerating expansion.

Cosmological simulations using negative Bondi masses were re-
ported in a recent study by Farnes [21], although some of the results 
were later criticized [62]. An unpleasant feature of Farnes’ model is 
that it has to resort to negative mass creation in order to mimic a cos-
mological constant, as the energy density of matter scales as 𝑎−3, while 
the energy density associated with the cosmological constant (replaced, 
in his work, by a negative mass fluid) should remain constant over time. 
On the other hand, Farnes [21] reports no observation of runaway pairs 
in his runs, which may be attributed to the relatively modest number 
of particles used (𝑁 = 50,000) for a 3D simulation. Our own simulations 
use a similar number of particles, but are restricted to one spatial dimen-
sion, thus guaranteeing a sufficient sampling of the relevant phase-space 
volume.

In addition, as is illustrated in Section 5, it is necessary to follow the 
evolution for a very long time before one can observe the accelerated ex-
pansion. Unlike the work of Farnes [21], the N-body code adopted here 
is “exact”, in the sense that it integrates the equations of motion with 
no numerical errors other than those due to the finite representation of 
real numbers on the computer [42]. Hence, very accurate results can be 
obtained over extremely long simulation times, enough to observe the 
transition to the uniformly accelerated regime.

4.  Weakly-coupled systems: linear response

Before performing numerical simulations of the full N-body dynam-
ics, which show the transition from the weakly coupled to the strongly 
coupled regimes, we report here some analytical results for weakly cou-
pled systems.

The weakly coupled (collisionless) dynamics of a gravitational sys-
tem made of Bondi masses may be described, in the Newtonian limit, 
by the following Vlasov-Poisson equations [24]:
𝜕𝑓±
𝜕𝑡

+ 𝒗 ⋅ ∇𝑓± + 𝑬 ⋅ ∇𝒗𝑓± = 0, (4)

∇ ⋅ 𝑬 = −4𝜋𝐺
(

𝑚+𝑛+ + 𝑚−𝑛−
)

, (5)

where 𝑓±(𝒓, 𝒗, 𝑡) are the probability densities (distribution functions) 
in the phase space for positive and negative mass particles, 𝑛±(𝒓, 𝑡) =
∫ 𝑓±𝑑𝒗 are the number densities, 𝑬 = −∇𝜙(𝒓, 𝑡) is the gravitational field, 
and 𝜙(𝒓, 𝑡) the gravitational potential. The total net mass is assumed to 
be zero: ∫ (

𝑚+𝑛+ + 𝑚−𝑛−
)

𝑑𝒓 = 0. Note that the Vlasov Eq. (4) are iden-
tical for positive and negative masses: this is the Newtonian signature 
that both species follow the same geodesics in GR.

In this section, we study the linear response of Eqs. (4)-(5), follow-
ing the same procedure as in [24]. We expand all quantities around 
a spatially uniform equilibrim denoted by the subscript “eq”: the dis-
tribution functions 𝑓±(𝒓, 𝒗, 𝑡) = 𝑓𝑒𝑞±(𝒗) + 𝑓±(𝒓, 𝒗, 𝑡), the densities 𝑛± =
𝑛𝑒𝑞± + 𝑛̃±(𝒓, 𝑡), and the potential 𝜙(𝒓, 𝑡) = 𝜙𝑒𝑞 + 𝜙̃(𝒓, 𝑡) (where the tilde de-
notes a small perturbation) and only retain first-order terms. For a homo-
geneous equilibrium, one has 𝑚+𝑛𝑒𝑞+ + 𝑚−𝑛𝑒𝑞− = 0, and the gravitational 
potential vanishes: 𝜙𝑒𝑞 = 0. Then, we Fourier analyze the perturbations 
in space and time, by writing for the density fluctuations: 𝑛̃±(𝒓, 𝑡) =
𝑛̃± exp[𝑖(𝒌 ⋅ 𝒓 − 𝜔𝑡)], and similarly for the other first-order quantities.

In line with the 1D numerical simulations presented in Section 5, 
we consider here 1D perturbations to the Eqs. (4)-(5). Hence, in the 
following, 𝐸, 𝑘 and 𝑣 will refer respectively to the gravitational field, 
wave vector, and velocity along the direction of propagation of the lin-
ear waves. By so doing, we obtain the linear relations:

𝑓± = −𝑖𝐸̃
𝜕𝑣𝑓𝑒𝑞±
𝜔 − 𝑘𝑣

, (6)

𝑖𝑘𝐸̃ = −4𝜋𝐺 ∫

∞

−∞

(

𝑚+𝑓+ + 𝑚−𝑓−
)

𝑑𝑣. (7)

Substituting the Eqs. (6) into Eq. (7), we get

𝑘 = 4𝜋𝐺 ∫

∞

−∞

(

𝑚+
𝜕𝑣𝑓𝑒𝑞+
𝜔 − 𝑘𝑣

+ 𝑚−
𝜕𝑣𝑓𝑒𝑞−
𝜔 − 𝑘𝑣

)

𝑑𝑣. (8)

Finally, expanding the denominator in the limit 𝑘𝑣 ≪ 𝜔,

1
𝜔 − 𝑘𝑣

= 1
𝜔

(

1 + 𝑘𝑣
𝜔

+ 𝑘2𝑣2

𝜔2
+ 𝑘3𝑣3

𝜔3
+…

)

,

and integrating by parts in velocity space, we are led to the following 
dispersion relation, valid up to second order in 𝑘:
𝜔4 = 3𝜔2

𝐽 𝑘2
(

𝑣2𝑇− − 𝑣2𝑇+
)

, (9)

where 𝜔𝐽 =
√

4𝜋𝐺|𝑚±|𝑛𝑒𝑞± is the equilibrium Jeans frequency (the same 
for both species), and 𝑣2𝑇± = ∫ 𝑓𝑒𝑞±(𝑣) 𝑣2𝑑𝑣 = 𝑘𝐵𝑇±∕𝑚±, where the last 
equality holds for a Maxwell-Boltzmann equilibrium. The above disper-
sion relation is valid in the limit of small 𝑘 (long wavelengths) and ne-
glects Landau damping, which would have required the full treatment 
of the pole originating from the denominator 𝜔 − 𝑘𝑣 in Eq. (6).

Eq. (9), being of fourth order in 𝜔, possesses four complex solutions, 
one of which displays a positive imaginary part. Hence, an unstable solu-
tion always exists, regardless of the sign of the right-hand side, except in 
the special case of equal thermal velocities, 𝑣𝑇− = 𝑣𝑇+ [63]. The growth 
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rate of the unstable modes is proportional to the square root of the wave 
number, i.e. Im(𝜔) ∼

√

𝑘, hence shorter wavelengths grow more rapidly. 
This is very different from the usual Jeans instability, where only wave-
lengths longer than 𝑣𝑇 ∕𝜔𝐽  are unstable. Some numerical simulations 
highlighting this instability are shown in the Supplementary Material 
[64].

When wavelengths close to the interparticle distance 𝑑 become domi-
nant, the assumptions underlying the collisionless Vlasov-Poisson model 
cease to hold, and the system undergoes a transition to a strongly cou-
pled (collisional) regime. Thus, by favoring short wavelengths, the dis-
persion relation (9) may represent a plausible framework for under-
standing the transition from a weakly coupled to a strongly coupled 
universe. The numerical simulations reported in the next section will 
provide further details on this transition and its relation to the usual 
cosmological coincidence problem.

5.  Simulations of cosmic acceleration

In this section, we present simulation results obtained with a 1D 
N-body code that tracks the Newtonian dynamics of equal numbers of 
particles with positive and negative Bondi masses. As mentioned earlier, 
the code is exact because it is event-driven: it integrates exactly the 
dynamics of the 1D particles in between two particle crossings. Hence, 
it introduces no truncation errors associated with finite time steps or grid 
discretization; the only numerical errors arise from the finite precision of 
floating-point arithmetic. This property enables us to follow the system’s 
evolution over very long times with high accuracy. A brief description 
of the N-body algorithm is provided in our earlier review [42].

It is worth emphasizing that our simulations are performed in fixed 
(not comoving) co-ordinates and that no a priori assumption on the ex-
pansion rate is made. In essence, we simulate a 1D self-gravitating sys-
tem with open boundaries, starting from a given initial condition at 
𝑡 = 0. The expansion factor 𝑎(𝑡) is obtained a posteriori from the sim-
ulations as the root-mean-square displacement of such self-gravitating 
system: 𝑎(𝑡) = 𝜎𝑋 (𝑡) ≡

√

⟨𝑥2⟩, where the average is computed over all 
the particles, as explained below. This is different from the standard 
approach used in most cosmological simulations, which posit an expan-

sion law issued from GR and then study Newtonian dynamics on that 
expanding spacetime.

The following simulations use 𝑁 = 𝑁+ +𝑁− = 2 × 104 particles of 
identical mass in absolute value, with 𝑁+ = 𝑁−. The initial distribution 
is uniform in space between −𝐿∕2 and 𝐿∕2, and Maxwellian in velocity, 
with initial velocity dispersion 𝜎𝑉 (0). We shall use units such that time is 
normalized to the inverse Jeans frequency 𝜔𝐽 , space to the initial inter-
particle distance 𝑑, densities to the total initial density, and velocities 
to 𝑑𝜔𝐽 . With this normalization, the initial extension of the system is 
simply 𝐿 = 𝑁 .

5.1.  Mean-square displacement and velocity

We shall focus on the expansion law, expressed through the mean 
square displacement 𝜎2𝑋 (𝑡) = ⟨𝑥2⟩ = 1

𝑁
∑𝑁

𝑗=1 𝑥
2
𝑗 , where the 𝑥𝑗 are the po-

sitions of the 𝑁 particles and we have assumed that their average posi-
tion is negligible, i.e. ⟨𝑥⟩ ≈ 0. The root-mean-square displacement 𝜎𝑋 (𝑡)
is a good ersatz for the scale factor 𝑎(𝑡).

Before showing the numerical results, we illustrate how such a two-
species self-gravitating system should go through three different phases 
of expansion, assuming that it starts in an almost collisionless (Γ ≪ 1) 
initial state:

• When the coupling parameter is small, Γ ≪ 1, the kinetic energy 
dominates over the gravitational energy, see Eq. (1). During this ini-
tial phase, the self-gravitating system behaves as a non-interacting 
gas, hence its spatial width increases linearly in time, 𝜎𝑋 (𝑡) ∼ 𝑡;

• Because of the expansion, the system cools down and consequently 
becomes more correlated. For intermediate values of the coupling 
parameter Γ, the self-gravitating gas is still dominated by the kinetic 
energy, but, occasionally, a positive and a negative mass particles 
come into contact and directly interact gravitationally. During such 
an encounter, the two particles experience a Bondi-type acceleration 
in the form of a “kick” in their velocities, whose sign depends on the 
relative position of the positive and negative particles (+∕− or −∕+). 
This sequence of virtually random kick events leads to a random 
walk in velocity space, with the root-mean-square velocity increas-

Fig. 1. Time evolution, on a log-log scale, of the root-mean-square displacement 𝜎𝑋 (𝑡) for an initially collisionless system with velocity dispersion equal to 𝜎𝑉 (0) = 104

(red dots). The function is 𝜎𝑋 (𝑡) is fitted with three different power laws of the type 𝑡𝛼 in the regions delimited by the arrows. The values of 𝛼, computed via a least-
square method, are found to be: 𝛼 = 1.02 (10 < 𝑡 < 100), 𝛼 = 1.57 (103 < 𝑡 < 106), and 𝛼 = 1.92 (107 < 𝑡 < 108). The black straight lines represent the corresponding 
power laws. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 2. Time evolution, on a log-log scale, of the root-mean-square displacement 𝜎𝑋 (𝑡) for several simulations with initial velocity dispersions in the range 1 ≤ 𝜎𝑉 (0) ≤
105. Although the initial evolutions are different, they all converge to the power law 𝜎𝑋 (𝑡) ∼ 𝑡2, for times 𝑡 ≳ 107.

ing as 𝜎𝑉 (𝑡) ≡
√

⟨𝑣2⟩ ∼ 𝑡1∕2 [65,68,69]. Hence, the root-mean-square 
displacement goes like 𝜎𝑋 (𝑡) ∼ 𝑡3∕2;

• Finally, in the strongly coupled regime, when Γ ≈ 1, pairs of posi-
tive/negative mass particles are formed and remain stable. Because 
of Bondi’s runaway mechanism, each pair accelerates uniformly, ei-
ther to the left or to the right, depending on their relative posi-
tion. Consequently, the root-mean-square displacement increases as 
𝜎𝑋 (𝑡) ∼ 𝑡2.

We stress that the mean-square velocity 𝜎2𝑉 ≡ ⟨𝑣2⟩ is not represen-
tative of the peculiar velocities. Here, we do not use comoving co-
ordinates, and therefore we do not split the velocity into a Hubble flow 
part and a peculiar part. Instead, ⟨𝑣2⟩ represents (twice) the total kinetic 
energy per unit mass of the whole self-gravitating system, which is pre-
cisely the quantity 𝐾 that enters the expression of the virial theorem, 
see Appendix A.

In Fig. 1, we show the time evolution of the root-mean-square 
displacement 𝜎𝑋 (𝑡), for an initially weakly-coupled system, where 
the initial root-mean-square velocity is 𝜎𝑉 (0) = 104. According to 
the definition of Eq. (2), the coupling parameter can be written, 
in our units, Γ = 1∕𝜎2𝑉 , and hence it is very small here. The fig-
ure shows that the root-mean-square displacement obeys a power 
law 𝜎𝑋 (𝑡) ∼ 𝑡𝛼 , with the exponent going from 𝛼 = 1 to 𝛼 = 3∕2, 
and finally 𝛼 = 2 for very long times, as expected from the above
considerations.

Next, we show the same result for different values of the initial ve-
locity dispersion, in the range 1 ≤ 𝜎𝑉 (0) ≤ 105 (Fig. 2), corresponding to 
different values of the initial coupling parameter. The evolutions are dif-
ferent — in particular, we note a delay in the onset of the expansion for 
smaller values of 𝜎𝑉 (0) — but they all converge to the same power law 
𝜎𝑋 (𝑡) ∼ 𝑡2, for times 𝑡 > 107. For the same cases, the plots of the root-
mean-square velocity 𝜎𝑉 (𝑡) ≡

√

⟨𝑣2⟩(𝑡), shown in Fig. 3, confirm these 
results: for long times, 𝜎𝑉 (𝑡) grows linearly in 𝑡. This is the expected law 
when Bondi pairs have formed and are stable.

The initial delay observed in Fig. 2 can be explained by the domi-
nating gravitational interactions for moderate values of Γ [small 𝜎𝑉 (0)], 
which freeze the particle positions, until the residual kinetic energy has 
had enough time to break down this configuration by inducing some par-
ticle crossings. Indeed, for Γ ≫ 1, the system can be viewed as a solid 

“crystal”, where the particles never cross each other but only slightly 
vibrate.

5.2.  Matter density and phase-space distributions

For the same case of Fig. 1, we plot in Fig. 4 the particle density 
and the phase-space density at several instants in time. The latter plots 
are particularly interesting, as they bear the signature of the power-
law expansion 𝑥 ∼ 𝑡𝛼 . The velocity expansion law is then 𝑣 ∼ 𝛼 𝑡𝛼−1, so 
that one has: 𝑣 = 𝛼

𝑡 𝑥 = 𝐻𝑥. The relation 𝑣 = 𝐻𝑥 corresponds precisely to 
the Hubble law (speed proportional to distance), with a time-dependent 
Hubble parameter 𝐻 = 𝛼∕𝑡. This Hubble law emerges naturally within 
the framework of our model. The slope of the filament-like structure in 
the right column of Fig. 4 is therefore expected to decrease with time in 
such a way that the product 𝐻𝑡 matches the exponent 𝛼. This is precisely 
what is observed in the simulation, for the three expansion phases that 
correspond to 𝛼 = 1 (𝑡 = 100), 𝛼 = 3∕2 (𝑡 = 105), and 𝛼 = 2 (𝑡 = 108).

We also observe the emergence of nonlinear gravitational structures, 
which sets in shortly after the conclusion of the initial ballistic phase 
(𝑡 ≈ 100). These structures involve both positive and negative masses, 
consistent with the fact that all masses follow identical geodesics, i.e., 
the same Newtonian trajectories. First, several clusters of particles ap-
pear, connected by thin filaments (𝑡 ≈ 103). At later times, these clus-
ters progressively migrate toward the boundaries of the system, while 
the central region becomes depleted (𝑡 ≈ 105); this stage corresponds to 
the establishment of the intermediate expansion regime with exponent 
𝛼 = 3∕2. Finally, matter redistributes itself throughout the entire occu-
pied domain (𝑡 ≈ 108), a process that appears to coincide with the onset 
of the accelerated phase characterized by 𝛼 = 2.

In Fig. 5, we show the density and phase-space plots for a system 
that is initially strongly coupled [𝜎𝑉 (0) = 10]. We note that structure 
formation occurs slightly earlier here. The accumulation of clusters near 
the edges of the system is also observed earlier than in the preceding 
case, around 𝑡 ≈ 103, followed by mass redistribution throughout the 
entire domain. At late times, the phase-space slope reaches the value 
𝐻𝑡 = 𝛼 ≈ 2, as in the initially weakly coupled case of Fig. 4.

Finally, in a short movie presented in the Supplementary Material 
[66], we show the phase-space dynamics for a relatively small system 
(𝐿 = 𝑁 = 500), which makes it easier to follow individual particles. The 
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Fig. 3. Time evolution, on a log-log scale, of the root-mean-square velocity 𝜎𝑉 (𝑡) for several simulations with initial velocity dispersions in the range 1 ≤ 𝜎𝑉 (0) ≤ 105. 
Although the initial evolutions are different, they all converge to the power law 𝜎𝑉 (𝑡) ∼ 𝑡, for times 𝑡 ≳ 107. This power law is represented by the continuous black 
line.

Fig. 4. Particle density (left panels) and phase space distributions (right panels) for an initially weakly correlated system with velocity dispersion 𝜎𝑉 (0) = 104. Positive 
mass particles are depicted in red, while negative mass particles are depicted in blue. The straight lines in the phase-space plots represent the slope 𝐻 = 𝛼∕𝑡 of the 
filament (instantaneous Hubble parameter), where the product 𝐻𝑡 is expected to approach the exponent 𝛼 of the expansion law. Both the position and velocity scales 
change over time, in order to capture the expansion of the system. (For interpretation of the references to colour in this figure legend, the reader is referred to the 
web version of this article. Note that red pixels may hide blue pixels at the same location.)
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Fig. 5. Particle density (left panels) and phase space distributions (right panels) for an initially strongly correlated system with velocity dispersion 𝜎𝑉 (0) = 10. 
Positive mass particles are depicted in red, while negative mass particles are depicted in blue. The straight line in the phase-space plot at 𝑡 = 108 represents the slope 
𝐻 = 𝛼∕𝑡 of the filament (instantaneous Hubble parameter), where the product 𝐻𝑡 is expected to approach the exponent 𝛼 of the expansion law. Both the position 
and velocity scales change over time, in order to capture the expansion of the system. (For interpretation of the references to colour in this figure legend, the reader 
is referred to the web version of this article. Note that red pixels may hide blue pixels at the same location.)

movie shows the emergence of stable Bondi pairs that accelerate uni-
formly. Occasionally, one pair changes its “polarity”, i.e., the relative 
positions of the positive and negative masses, and therefore reverses its 
direction of acceleration. The simulation stops when no more particle 
crossings are observed. From that time on, the system evolves as a gas 
of independent Bondi pairs, each moving with constant acceleration in 
either direction.

5.3.  Comoving co-ordinates and power spectra

Although we used fixed space-time co-ordinates in the simulations, 
it may be helpful to switch to comoving co-ordinates in order to better 
analyze the gravitational structure formation. Comoving co-ordinates 
follow the expansion of a self-gravitating system according to its scale 
factor 𝑎(𝑡). Here, quite naturally, we choose the scale factor to be the 
root-mean-square displacement of the particles as obtained from the nu-
merical simulations, i.e., 𝑎(𝑡) = 𝜎𝑋 (𝑡). The comoving co-ordinates (𝑥̂, 𝑣̂)
are defined in terms of the fixed co-ordinates (𝑥, 𝑣) according to the 
transformations:

𝑥 = 𝑎(𝑡) 𝑥̂, (10)

𝑣 = 𝑎(𝑡) 𝑣̂ + 𝑎̇(𝑡) 𝑥̂, (11)

where the overdot denotes differentiation with respect to 𝑡. By rewriting 
𝑣 = 𝑎(𝑡)𝑣̂ +𝐻𝑥, where 𝐻 = 𝑎̇∕𝑎 is the Hubble parameter, we see that 𝑎𝑣̂

represents the deviations from the Hubble flow, i.e., the peculiar veloc-
ity.

In Fig. 6, we show the phase space plots in comoving co-ordinates, 
for an initially weakly coupled case [𝜎𝑉 (0) = 104, left panels] and an 
initially strongly coupled case [𝜎𝑉 (0) = 10, right panels]. Note that the 
scaled spatial axis remains approximately within the same bounds for all 
times, signalling that the comoving co-ordinates absorb the expansion 
factor, as expected.

The representation in such scaled co-ordinates allows one to better 
visualize the formation of gravitational structures, with clusters and sub-
clusters of particles. The structure formation begins earlier, near 𝑡 = 100, 
for the initially strongly coupled case (right panels), whereas the first 
structures only appear around 𝑡 = 103 for the weakly coupled case (left 
panels). The depleted region at the center of the system is clearly visible 
at 𝑡 = 105 for the weakly coupled case and at 𝑡 = 103 for the strongly 
coupled one. For late times (𝑡 ≈ 108), corresponding to the acceler-
ated expansion 𝑎(𝑡) ∼ 𝑡2, both phase-space distributions look very much
alike.

For the same cases, Fig. 7 shows the power spectra of the particle 
density |𝜌𝑘|2 as a function of the scaled wave vector in comoving co-
ordinates. We note that the spectra of positive and negative mass par-
ticles are very similar, which is most probably a consequence of the 
formation of pairs (indeed, it can be interpreted as further evidence 
of the presence of such pairs). For the initially weakly coupled case 
(left panel), the late-time spectrum has a slope close to −1, which is 
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Fig. 6. Phase-space portraits of the particle distributions in the comoving co-ordinates (𝑥̂, 𝑣̂). Left panels: initially weakly coupled system with velocity dispersion 
𝜎𝑉 (0) = 104. Right panels: initially strongly coupled system with 𝜎𝑉 (0) = 10. Note that the co-moving position 𝑥̂ remains approximately the same during the entire 
evolution, signalling that the transformation has indeed absorbed the expansion factor. Positive mass particles are depicted in red, while negative mass particles are 
depicted in blue. Note that red dots may hide blue dots at the same location.

Fig. 7. Power spectra of the particle density |𝜌𝑘̂|2 as a function of the scaled wave vector ̂𝑘, at three different times, 𝑡 = 10 (squares), 𝑡 = 105 (upward triangles), and 
𝑡 = 108 (downward triangles). Red lines refer to positive mass particles, and blue lines to negative mass particles. The initial velocity dispersion is 𝜎𝑉 (0) = 104 (a) and 
𝜎𝑉 (0) = 10 (b). The straight black lines represents a spectrum proportional to 𝑘̂−1. (For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)
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somewhat steeper than the spectra observed in standard positive-mass 
Einstein-de Sitter simulations [33,42]. This also appears to be true for 
the initially strongly coupled system, although the slope is less clear. 
Interestingly, spectra of the type |𝜌𝑘|2 ∼ 𝑘−1 were observed in earlier 
simulations of an expanding universe, where the friction term in the 
comoving equations of motion had been removed (the so-called Hamil-
tonian model — see Table 1 in Ref. [33]).

6.  Discussion and conclusions

The Standard Cosmological Model (ΛCDM) is a robust framework 
for describing the current state of our universe and its past history. 
One key component of the ΛCDM model is dark energy in the form 
of a cosmological constant Λ, which is responsible for driving the
accelerated expansion of the universe. Such an acceleration, which was 
negligible in the early stages of the universe, becomes significant pre-
cisely at the present epoch, an intriguing fact known as the “cosmo-
logical coincidence”. However, recent astronomical observations [3,4] 
appear to indicate that the dark energy component is not actually con-
stant, but diminishes over time. If confirmed, these findings, would have 
a profound impact on our understanding of the universe history.

In this work, we have identified and analyzed a new cosmological 
coincidence: the transition of the universe from a weakly coupled (col-
lisionless) to a strongly coupled (collisional) gravitational regime. Re-
markably, this coupling transition takes place at the same cosmic time 
as the standard cosmological coincidence.

By considering a cosmological model containing equal amounts of 
positive and negative Bondi masses, we have shown that these two, ap-
parently unrelated, coincidences can be understood as different mani-
festations of a single underlying mechanism. Although negative masses 
have been conjectured many times in the past, the scenario put forward 
by Bondi [15] – where both the inertial and the gravitational (active 
and passive) masses are negative – is the only one compatible with GR, 
with positive and negative particles following the same geodesics. In 
Newtonian terms, it is the only case that satisfies both the weak equiv-
alence principle and Newton’s law of action/reaction. One of the pecu-
liar features of Bondi masses is that pairs of positive/negative masses 
accelerate uniformly, while conserving their total energy and momen-
tum (runaway acceleration). Such an effect may appear unphysical, but 
it has the potential of explaining the accelerated expansion of the uni-
verse without invoking dark energy or a cosmological constant. This is 
the main message of the present work.

In the weakly coupled regime, the dynamics of this mixed-mass sys-
tem is well described by a Vlasov-Poisson mean-field model. Our linear 
response analysis demonstrates that such a system is always unstable, 
with growth rates that increase for shorter wavelengths. This feature, 
together with the cooling associated with the universe expansion, nat-
urally drives the system toward a regime in which the assumption of 
collisionless dynamics breaks down, and two-body correlations become 
dominant.

Once the system has become strongly coupled, the formation of sta-
ble positive/negative mass pairs triggers the Bondi runaway mechanism, 
which in turn produces a uniformly accelerating expansion. Long-time 
N-body simulations of the exact 1D Newtonian dynamics confirm this 
picture: after an initial coasting phase, followed by an intermediate 
regime characterized by random-walk acceleration, the system robustly 
settles into a phase where the root-mean-square displacement grows as 
𝑡2, signaling uniform acceleration. The onset of this accelerated phase 
coincides with the formation of strongly-coupled Bondi pairs, thereby 
linking the two cosmological transitions within a single physical frame-
work. We have termed this particular positive/negative mass universe 
the “Bondi universe”.

These results suggest that cosmic acceleration may arise not from 
a dark-energy component or a cosmological constant, but from the in-
trinsic nonlinear dynamics of a mixed positive/negative mass universe 
transitioning into a strongly correlated state. Effectively, our model cor-

responds to a dark-energy component that is diluted by the universe 
expansion. However, and counter-intuitively, its impact does not wane 
with this dilution: quite to the contrary, its accelerating effect fully kicks 
in only when the mass density is low enough for two-body correlations 
to play a significant role via the Bondi runaway mechanism. These fea-
tures make our Bondi universe very different from other accelerating 
mechanisms, such as the backreaction scenario [58–60], which still as-
sume a mean-field, weakly-coupled universe.

It is also important to stress the difference between the Bondi uni-
verse and other cosmological models that feature negative mass, such as 
the Dirac-Milne universe [22–25]. A universe containing equal amounts 
of positive and negative masses is gravitationally empty, and therefore 
behaves as a Milne universe [9], with the scale factor growing linearly 
in time, 𝑎(𝑡) ∼ 𝑡, which is usually referred to as a coasting universe 
[13,67,70]. However, the case of our Bondi universe is singularly dif-
ferent. Despite being gravitationally empty, it gives rise to a late accel-
eration stage where it transitions from a weakly-coupled to a strongly-
coupled regime. Both the acceleration and the coupling transition occur 
at the same epoch, so that the Bondi model provides a common, unified 
explanation for both coincidences.

Finally, we point out that, while our model is idealized and relies 
on a 1D representation of Newtonian gravity, it captures essential phys-
ical mechanisms that should not be dimension-specific [42]. Nonethe-
less, extending the present analysis to higher-dimensional settings and 
to relativistic frameworks remains a promising, and in some respects 
necessary, direction for future work. In particular, the precise details 
of Bondi pairs formation and the subsequent runaway acceleration may 
differ in 3D, because of the different behavior of Newton’s force, which 
is spatially constant in 1D whereas it decays as the inverse squared dis-
tance in 3D. The role of angular momentum is also overlooked in a 1D 
geometry. Indeed, although the radial nature of Bondi pair interactions 
suggests that the runaway mechanism should still occur in 3D, the pair 
trajectories might exhibit greater intricacy and more sensitivity to per-
turbations.

In spite of the above limitations and the speculative hypothesis of 
negative mass, the results obtained in this work invite a re-examination 
of the standard interpretation of cosmic acceleration and open new av-
enues for exploring the large-scale dynamics of the universe without 
invoking dark energy.
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Appendix A.  Virial theorem for an expanding self-gravitating 
system

The virial theorem may be derived from the Vlasov-Poisson equa-
tions for standard (attractive) gravity
𝜕𝑓
𝜕𝑡

+ 𝒗 ⋅ ∇𝑓 − ∇𝜙 ⋅ ∇𝒗𝑓 = 0, (A.1)

∇2𝜙 = 4𝜋𝐺𝑚𝑛, (A.2)

where 𝑓 (𝒓, 𝒗, 𝑡) is the probability distribution in the phase space, 𝑛(𝒓, 𝑡) =
∫ 𝑓 (𝒓, 𝒗, 𝑡)𝑑𝒗 is the number density, and 𝜙(𝒓, 𝑡) is the gravitational po-
tential.

Following the standard derivation [51], one obtains, in our notation:
1
2

𝑑2

𝑑𝑡2
⟨|𝒓|2⟩ = 2𝐾 + 𝑈, (A.3)

where ⟨|𝒓|2⟩ ≡ ∫ ∫ 𝑓 (𝒓, 𝒗, 𝑡)|𝒓|2𝑑𝒓𝑑𝒗 is the moment of inertia per unit 
mass, and 𝐾 = 1

2 ⟨|𝒗|
2
⟩ and 𝑈 = 1

2 ∫ 𝑛(𝒓, 𝑡)𝜙(𝒓, 𝑡)𝑑𝒓 are, respectively, the 
kinetic and potential energies per unit mass. Hence, for a stationary 
state: 2𝐾 + 𝑈 = 0, which is the usual virial theorem. Note that the quan-
tities ⟨|𝒓|2⟩ and ⟨|𝒗|2⟩ correspond respectively to the variances labeled 
𝜎2𝑋 and 𝜎2𝑉  in our 1D model, see Section 5.1. We stress that they rep-
resent global, not local, variances; in particular, ⟨|𝒗|2⟩ is related to the 
total kinetic energy of the system, and does not represent a local peculiar 
velocity.

The virial theorem holds for confined self-gravitating systems at 
steady state, such as galaxies or clusters of galaxies, where the gravi-
tational attraction dominates over the expansion of the universe. It does 
not, in principle, apply to the whole universe, which is not a stationary 
system because of the cosmological expansion. An extension of the virial 
theorem taking into account the expansion is provided by the Layzer-
Irvine equation [51,52]
𝑑
𝑑𝑡

(𝐾 + 𝑈 ) + 𝑎̇
𝑎
(2𝐾 + 𝑈 ) = 0. (A.4)

However, the Layzer-Irvine equation is expressed in terms of comoving 
co-ordinates, whereas the present works uses a fixed co-ordinate system.

Therefore, we stick to the standard virial Eq. (A.3) and show how 
it should be interpreted for an expanding self-gravitating system, such 
as the one described by our numerical simulations. As discussed in Sec-
tion 5.1, the root-mean-square displacement ⟨|𝒓|2⟩1∕2 is a good ersatz for 
the scale factor 𝑎(𝑡) as shown in Fig. 1. Positing a power-law behavior 
for the scale factor: 𝑎(𝑡) = 𝑎0(𝑡∕𝑡0)𝛽 , one can write

2𝐾 + 𝑈 = 𝛽(2𝛽 − 1)
(

𝑎0
𝑡0

)2( 𝑡
𝑡0

)2𝛽−2
. (A.5)

We can deduce that:
• If 𝛽 > 1, then the virialization condition is never attained: 2𝐾 + 𝑈 →

∞;
• If 𝛽 = 1, then 2𝐾 + 𝑈 = (𝑎0∕𝑡0)2 > 0, also no virialization;
• If 𝛽 < 1, then 2𝐾 + 𝑈 → 0, the system virializes at late times;
• If 𝛽 = 1∕2, then 2𝐾 + 𝑈 = 0 for all times.

Hence, virialization occurs only for expansions slower than coasting 
(𝑎 ∼ 𝑡), such as the Einstein-de Sitter universe for which 𝑎 ∼ 𝑡2∕3. For 
the uniformly accelerated expansion considered in this work (𝑎 ∼ 𝑡2), 
or for an exponential expansion driven by a cosmological constant, the 
universe as a whole does not virialize. The case 𝛽 = 1∕2, corresponding 
to a radiation-dominated universe, is singular inasmuch as it remains 
strictly virialized for all times, provided it is so at 𝑡 = 0.
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